Abstract. We are concerned with the stability of compressible vortex sheets in two-dimensional steady supersonic Euler flows over Lipschitz walls under a BV boundary perturbation, since steady supersonic Euler flows are important in many physical situations. It is proved that steady compressible vortex sheets in supersonic flow are stable in structure globally, even under the BV perturbation of the Lipschitz walls. In order to achieve this, we develop a modified Glimm difference scheme and identify a Glimm-type functional to obtain the required BV estimates, by incorporating the Lipschitz boundary and the strong vortex sheets naturally and by tracing the interaction not only between the boundary and weak waves but also between the strong vortex sheets and weak waves. Then these estimates are employed to establish the convergence of the approximate solutions to a global entropy solution and the corresponding approximate strong vortex sheets to a strong compressible vortex sheet of the entropy solution. The asymptotic stability of entropy solutions in the flow direction is also established.
Introduction
We are concerned with the stability of compressible vortex sheets in steady supersonic Euler flows over Lipschitz walls under a BV boundary perturbation. The two-dimensional steady supersonic Euler flows are generally governed by For polytropic isentropic gases, by scaling, the pressure-density relation can be expressed as
For the isothermal flow, γ = 1. The quantity
is defined as the sonic speed and, for polytropic gases, c = γp/ρ. System (1.1) or (1.6) governing a supersonic flow (i.e. u 2 + v 2 > c 2 ) has all real eigenvalues and is hyperbolic in the flow direction, while system (1.1) or (1.6) governing a subsonic flow (i.e. u 2 + v 2 < c 2 ) has complex eigenvalues and is elliptichyperbolic mixed and composite.
We are interested in whether steady compressible vortex sheets in supersonic flow are always stable in supersonic flow under the BV perturbation of the Lipschitz walls. Multidimensional steady supersonic Euler flows are important in many physical situations (cf. Courant-Friedrichs [6] ). In particular, when the upstream flow is a uniform steady flow above the plane wall in x < 0 all the time, the flow downstream above a Lipschitz wall in x > 0 is governed by a steady Euler flow after a sufficiently long time. Furthermore, since steady Euler flows are asymptotic states and may be global attractors of the corresponding unsteady Euler flows, it is important to establish the existence of steady Euler flows and understand their qualitative behavior to shed light on the long-time asymptotic behavior of the unsteady compressible Euler flows, one of the most fundamental problems in mathematical fluid dynamics which is still widely open. In this paper we focus on the existence and behavior of such global supersonic Euler flows, especially the nonlinear stability of strong compressible vortex sheets in the supersonic Euler flows, even under the BV perturbation of the Lipschitz walls.
For concreteness, we will analyze the problem in the region over the Lipschitz wall for the supersonic Euler flows governed by system (1.1) for U = (u, v, p, ρ) and by (1.6) for U = (u, v, ρ), respectively. Then we have The main theorem of this paper is the following.
Main Theorem (Existence and Stability). There exist ε 0 > 0 and C > 0 such that, if (1.8) holds for ε ≤ ε 0 , then there exists a pair of functions
with χ(0) = y * 0 such that (i) U is a global entropy solution of system (1.1), or (1.6), in Ω with the initialboundary data (1.9)-(1.10) that is satisfied in the trace sense and This theorem indicates that the strong vortex sheets in supersonic flow are nonlinearly stable globally in structure.
In order to establish this theorem, we first develop a modified Glimm scheme whose mesh grids are designed to follow the slope of the Lipschitz boundary, which are not standard rectangle mesh grids, so that the lateral Riemann building blocks contain only one wave emanating from the mesh points on the boundary. For the adiabatic Euler flow determined by (1.1), the essential estimate is on the strength δ 1 of the reflected 1-wave in the interaction between the 4-weak wave with strength α 4 and the strong vortex sheet from below. We obtain that the key bound on the reflection coefficient in front of α 4 in the estimate of δ 1 is strictly less than one, i.e.,
The estimate on the interaction between the boundary and weak waves is also crucial.
Based on the construction of the modified Glimm scheme and the new interaction estimates, we successfully identify a Glimm-type functional by incorporating the Lipschitz wall and the strong vortex sheet naturally and by tracing the interactions not only between the boundary and weak waves but also the interaction between the strong vortex sheet and weak waves, so that the Glimm-type functional monotonically decreases in the flow direction. Another essential estimate is to trace the approximate strong vortex sheets in order to establish the nonlinear stability and asymptotic behavior of the strong vortex sheet in supersonic flow in the downstream direction under the BV boundary perturbation. Condition (1.8) may be relaxed so that the total variation of g (x) is allowed to be relatively larger than the small L ∞ norm of g (x) by combining the analysis in this paper with the arguments in [21, 22] .
We observe that the stability of contact discontinuities for the Cauchy problem for strictly hyperbolic systems under a BV perturbation has been studied by Sablé-Tougeron [17] and Corli-Sablé-Tougeron [7] . In particular, the reflection coefficients, such as K 11 here, are required to be less than one as the stability condition for the mixed problem in the strip (0, 1) in the earlier works, see e.g. Sablé-Tougeron [17] . The essential difference between system (1.1) as analyzed in Sections 2-5 here and strictly hyperbolic systems as considered in [7, 17] is that two of the four characteristic eigenvalues coincide and have two linearly independent eigenvectors which determine the compressible vortex sheets so that two independent parameters are required to be precisely described these vortex sheets. Furthermore, our physical boundary condition for the initial-boundary value problem is the slip-wall boundary condition on the non-flat boundary whose slope function is allowed to be discontinuous, i.e. the characteristic boundary condition on the non-flat, nonsmooth boundary, which is different from the initial-boundary value problem over the flat boundary considered in [17] ; For our case, additional nonlinear waves are produced by the boundary vertices, A k , so that careful estimates on boundary reflection and interaction for nonlinear waves are required to match the slip-wall boundary condition and to be incorporated into the functional naturally.
We further remark that our Glimm-type functional has additional ingredients, in comparison with that used in Corli-Sablé-Tougeron [7] and Sablé-Tougeron [17] . More precisely, in this paper, the linear part of the functional has a new term L 0 (J) to control the new waves produced by the flow moving around the boundary vertices, A k . The linear part of the functional is shown to be decreasing near the vortex sheet and the boundary, in addition to controlling the quadratic part. The proof of the decreasing of the linear part make full use of the following facts:
(i) L 0 (J) is strictly decreasing along the boundary; (ii) If a 1-wave interacts with the boundary or the vortex sheet, it disappears and a new wave produces, which implies the strict decreasing of L i 1 near the boundary and vortex sheet. The same is true when a 2-wave interacts with the vortex sheet.
Then, combining these two facts with the estimates on the coefficients K ij and K bi in the wave interactions and reflections, we succeed to assign different weights to the strengths of the waves so that the linear part is strictly decreasing. With the careful design of the linear part, which is different from that in [17, 7] , we simply use the same quadratic part as that used in Glimm [9] in our Glimm-type functional, which sufficiently control the linear part in the regions (1) and (2) . For more details, see Section 4.
It would be interesting and important to clarify the connections between the stability of steady compressible vortex sheets and long-time asymptotic stability of unsteady compressible vortex sheets in supersonic flow, since the nonlinear instabilities of compressible vortex sheets may develop in a short-time or some intermediatetime regime under certain situations. For this, we refer the reader to Miles [16] , Artola-Majda [1] , Woodward [24] , and the references cited therein.
In this paper we first focus on the adiabatic Euler flows in Sections 2-5 and then we study the isentropic Euler flows in Section 6. In Section 2, we study the lateral and classical Riemann problems and analyze the properties of the Riemann solutions to the adiabatic Euler equations (1.1), which are essential for the interaction estimates among the nonlinear waves and the wall in Section 3 and for the existence and behavior of entropy solutions of the problem in Sections 4-5. In Section 3, we make estimates on the wave interactions and reflections on the boundary and the strong vortex sheet, respectively. In Section 4, we develop a modified Glimm scheme to construct the approximate solutions and establish necessary estimates for them in the approximate domains. In Section 5, we establish the convergence of approximate solutions to a global entropy solution and prove the nonlinear stability and asymptotic behavior of the strong vortex sheet over the Lipschitz wall. In Section 6, we extend the analysis and approach to establish the existence and behavior of two-dimensional steady supersonic flows governed by the isentropic Euler equations.
Riemann Problems and Riemann Solutions
In this section, we study the lateral and classical Riemann problems and analyze the properties of the Riemann solutions to the adiabatic Euler system (1.1), which are essential not only for the interaction estimates among the nonlinear waves and the Lipschitz wall but also for the existence and behavior of solutions of our problem in Sections 3-5.
2.1. Euler Equations. The Euler system can be written in the following conservation form:
where
Then the eigenvalues of (2.1) are the roots of the fourth order polynomial:
that is, the solutions of the following equation:
where c = γp/ρ is the sonic speed. If the flow is supersonic (i.e.
2 ), system (1.1) is hyperbolic. In particular, when u > c, system (1.1) has four eigenvalues in the x-direction:
and the four corresponding linearly independent eigenvectors:
where κ j are chosen so that r j · ∇λ j = 1 since the jth-characteristic fields are genuinely nonlinear, j = 1, 4. Note that the second and third characteristic fields are always linearly degenerate: r j · ∇λ j = 0, j = 2, 3. We also point out that, at the unperturbed states
is called an entropy solution of problem (1.1) and (1.9)-(1.10) provided that (i) U is a weak solution of (1.1) and satisfies (1.9)-(1.10) in the trace sense; (ii) U satisfies the entropy inequality:
in the sense of distributions in Ω including the boundary. 
Plugging ξ = λ i into (2.7), we obtain dp = 0, vdu − udv = 0, which yields the vortex sheet curves C i (U 0 ) in the phase space:
which describe compressible vortex sheets. More precisely, we have
with strength σ 2 and slope v 0 /u 0 , which is determined by
with strength σ 3 and slope v 0 /u 0 , which is determined by
Remark 2.2. The full Euler system (1.1) has two contact discontinuities that coincide as a single vortex sheet in the physical xy-plane. However, in the phase space U = (u, v, p, ρ), to describe this vortex precisely, it requires two independent parameters, since there are two linearly independent eigenvectors corresponding to the repeated eigenvalues λ 2 = λ 3 = v/u of the two linearly degenerate fields.
Plugging ξ = λ j into (2.7), we get the j th -rarefaction wave curve R j (U 0 ), j = 1, 4, in the phase space through U 0 :
Similarly, the Rankine-Hugoniot conditions for (1.1) are
where the jump symbol [·] stands for the value of the quantity of the front state minus that of the back state.
Then we have
. This implies
where u 0 > c for small shocks.
, as defined in (2.9)-(2.10); while plugging s j , j = 1, 4, into (2.12)-(2.15), we obtain the j th -shock wave curve S j (U 0 ), j = 1, 4, through U 0 :
where ρ 0 < ρ is equivalent to the entropy condition (2.6) on the shock wave. Note that S j (U 0 ) contacts with R j (U 0 ) at U 0 up to second-order.
Lateral Riemann Problem.
It has been shown in [6] that, when the angle between the flow direction of the front state and the wall at a boundary vertex is smaller than π and larger than the extreme angle determined by the incoming flow state and γ ≥ 1, then a unique 4-shock forms, which separates the front state from the supersonic back state; when the angle between the flow direction of the front state and the wall at a boundary vertex is larger than π and less than an extreme angle, then a 4-rarefaction wave forms, which emanates from the vertex (see Fig.  2 ). This indicates that, when the angle between the flow direction of the front state and the wall at a boundary vertex is near π, the lateral Riemann problem is always uniquely solvable. For the detail, see Fig. 3 and Proposition 3.2; also see Courant-Friedrichs [6] .
shock Rarefaction wave 
where U a and U b are the constant states which are regarded as the above state and below state with respect to the line y = y 0 , respectively.
Following Lax [11] , we can parameterize any physically admissible wave curve in a neighborhood of any constant state
, the case α j > 0 corresponds to a rarefaction wave, while the case α j < 0 corresponds to a shock wave. Notice that, for system (1.1), we have the explicit formulas for Φ 2 and Φ 3 to describe the vortex sheets by two independent parameters (σ 2 , σ 3 ):
For simplicity, we set Φ(
). We also denote O ε (W ) a universal neighborhood that is a ball with radius M ε > 0 and center W , where M > 0 is a universal constant depending only on the parameters in the system and possibly the boundary function g(x) (starting Section 4.2), which may be different at each occurrence. Then we have Lemma 2.1. There exits ε > 0 such that, for any states 
Furthermore, we find that the renormalization factors κ j (U ), j = 1, 4, in (2.5)
In fact, at the state U 0 = (u 0 , 0, p 0 , ρ 0 ), it is straightforward to see that
Therefore, we have
2.5. Riemann Problem Involving the Strong Vortex Sheets. For simplicity, we use the notation
to denote the strong vortex sheet that connects U b and U a with strength (σ 2 , σ 3 ). That is,
In particular, we note that
We write
and
These can be easily obtained from direct calculations and are thus omitted.
The following lemma is essential to estimate the strengths of reflected weak waves in the interaction between the strong vortex sheet and weak waves (see the proofs for Propositions 3.3-3.4).
Lemma 2.4. For the plane vortex sheet with the lower state
This can be obtained by the following direct calculations:
Estimates on wave interactions and reflections
We now make estimates on wave interactions, especially near the strong vortex sheet, and wave reflections on the wall.
3.1.
Estimates on Weak Wave Interactions. We first estimate the interactions among weak waves. We will use the following elementary identity, whose proof is straightforward. The proof of this proposition is standard, whose simpler proof can be found in Temple [20] or Chen-Zhang-Zhu [5] ; also see Dafermos [8] .
Estimates on the Weak Wave Reflections on the Boundary
and the outer normal vector to Γ k : We consider the initial-boundary value problem:
where U a is a constant state.
Then there exists a unique solution U k+1 of problem (3.5) such that
and U k+1 · (n k+1 , 0, 0) = 0. Furthermore,
, and U a satisfying
and K b0 is bounded. In particular, K b0 < 0 at the origin.
Proof. First, by the implicit function theorem, similar to Lemma 2.1, we have
Then it suffices to find the solution to
we know from the implicit function theorem that δ 4 can be solved as a C 2 −function of β 3 , β 2 , β 1 , α 4 , ω k , ω k,k+1 , and U a . Since ω k,k+1 and U a are constant here, we write δ 4 = δ 4 (ω k , β 3 , β 2 , β 1 , α 4 ) without specific indication of the dependence on U a and ω k,k+1 .
Again, from (3.1), we can obtain
Differentiating (3.6) with respect to β 1 , β 2 , and β 3 , respectively, and letting ω k = β 3 = β 2 = β 1 = α 4 = 0 and U a = U 1 , we have
Differentiating (3.6) with respect to ω k , we find that, at the origin,
This completes the proof.
3.3.
Estimates on the Interaction Between the Strong Vortex Sheet and Weak Waves. There are two cases depending on how the strong vortex sheet and the weak waves interact. The first case is when the weak waves approach the strong vortex sheet from below. Then we have 
Moreover, 
where we have omitted U b for simplicity. Using Lemma 3.1(i), we have
When β 1 = α 4 = α 3 = α 2 = 0, σ 2 = σ 20 , and σ 3 = σ 30 , it is clear that |∂ α 4 (δ 1 , δ 4 )| and |∂ α4 (σ 2 , σ 3 )| are bounded. We can further claim that |∂ α4 δ 1 | < 1 which can be seen as follows:
Differentiate (3.7) with respect to α 4 and let β 1 = α 4 = α 3 = α 2 = 0, σ 2 = σ 20 , and σ 3 = σ 30 . We obtain
By Lemma 2.4, we have
Remark 3.1. The essential feature of system (1.1) is that the reflection coefficient K 11 is less than one, which also appears as the stability condition in [7, 17] for the strictly hyperbolic case.
The second case is when the weak waves approach the strong vortex sheet from above. By symmetry, we can easily obtain 
Approximate Solutions
In this section, we develop a modified Glimm difference scheme to construct a family of approximate solutions and establish their necessary estimates for the initial-boundary value problem (1.1) and (1. 
Choose ∆y > 0 such that the Courant-Friedrichs-Lewy type condition holds:
where θ k is randomly chosen in (−1, 1). Then we choose
to be the mesh points and define the approximate solutions U ∆x,θ in Ω ∆x for any θ = (θ 0 , θ 1 , θ 2 , ...) in an inductive way: For k = 0, we define U ∆x,θ in {0 ≤ x < ∆x} ∩ Ω ∆x starting from
Assume that U ∆x,θ has been constructed in {0 ≤ x < k∆x}. Denoting, for n ≥ 1,
if y ∈ (y k + 2n∆y, y k + (2n + 2)∆y), then we define U ∆x,θ in {k∆x ≤ x < (k + 1)∆x} as follows: We first solve the following lateral Riemann problem in the diamond T k,0 , whose vertices are ((k + 1)∆x, y k+1 ), ((k + 1)∆x, y k+1 + ∆y), (k∆x, y k ), and (k∆x, y k + ∆y):
to obtain the lateral Riemann solution U k in T k,0 as constructed in Section 2.3 and define U ∆x,θ = U k in T k,0 . Then we solve the following Riemann problem in each diamond T k,n for n ≥ 1, whose vertices are ((k + 1)∆x, y k+1 + (2n − 1)∆y), ((k + 1)∆x, y k+1 + (2n + 1)∆y), (k∆x, y k + (2n − 1)∆y), and (k∆x, y k + (2n + 1)∆y) (see Fig. 8 ):
Figure 8. Diamonds T k,n
In this way, we have constructed the approximate solutions U ∆x,θ (x, y) globally provided that we can obtain a uniform bound of the approximate solutions.
Glimm-Type Functional and Its Bounds.
In this section, we prove that the approximate solutions can be well defined in Ω ∆x indeed via the steps in Section 4.1 by providing a uniform bound for them. First, we introduce the following lemma.
Next, we show that U ∆x,θ can be globally defined. Assume that U ∆x,θ has been defined in {x < k∆x} ∩ Ω ∆x by the steps in Section 4.1 and assume that the following conditions are satisfied:
In each Ω ∆x,j for 0 ≤ j ≤ k−1, there is a strong vortex sheet χ (j) in U ∆x,θ with strength (σ
∈ Oε(σ i0 ), which divides Ω ∆x,j into two parts: Ω (1) ∆x,j and Ω (2) ∆x,j , where Ω (1) ∆x,j is the part bounded by χ (j) and Γ j , where Ω ∆x,j and Γ j are defined by (3.3);
j=0 forms χ ∆x,θ : y = χ ∆x,θ (x), called an approximate vortex sheet, emanating from the point (0, y * 0 ).
Here and in what follows, we always denote χ (j) the strong vortex sheet front with strength (σ
3 ). Then we prove that U ∆x,θ can be defined in Ω ∆x,k and satisfies C 1 (k), C 2 (k), and C 3 (k).
From the construction steps in Section 4.1, we first define U ∆x,θ and the strong vortex sheet χ (k) in Ω ∆x,k so that there exists a diamond Λ k,n(k) such that χ
enters Λ k,n(k) and χ (k) emanates from the center of Λ k,n(k) . We extend χ ∆x,θ to Ω ∆x,k such that χ ∆x,θ = χ (k) in Ω ∆x,k and define Ω
∆x,j and Ω
∆x,j in the same way as in C 1 (k − 1). Then it suffices to impose some conditions so that C 2 (k − 1) holds and σ
To achieve this, we will establish the bound on the total variation of U ∆x,θ on a class of space-like curves. Denote by
Then we introduce Definition 4.1. A j−mesh curve J is defined to be an unbounded space-like curve lying in the strip {(j − 1)∆x ≤ x ≤ (j + 1)∆x} and consisting of the segments of the form
This means that we connect the mesh point P k,n by two line segments to the two mesh points P k−1,n−1 and P k−1,n if θ k ≤ 0, or we connect the mesh point P k,n by two line segments to the two mesh points P k−1,n and P k−1,n+1 if θ k > 0 (see Fig. 9 ).
Clearly, for any k > 0, each k−mesh curve I divides the plane R 2 into part I + and part I − , where I − is the one containing the set {x < 0}. As in Glimm [9] , we also partially order these mesh curves by saying J > I if every point of the mesh curve J is either on I or contained in I + , and we call J an immediate successor to I if J > I and every mesh point of J except one is on I.
With such mesh curves J, we associate the Glimm-type functional F s (J) on J. Figure 9 . Interaction diamond Λ k,n and the orientation of the segments Definition 4.2. We define
both α i and β j cross J and approach},
where K and C * will be defined later, while Ω J is the set of the corner points C k lying in J + , i.e., Ω J = {C k ∈ JFrom now on, we denote M > 0 a universal constant, depending only the parameters in the system and the boundary function g(x), which may be different at each occurrence, and O(1) is the quantity that is bounded by M . Now we prove the decreasing property of our functional F s . We first have 
and hence
Proof. Let Λ be the diamond that is formed by I and J. We can always assume that I = I 0 ∪ I and J = J 0 ∪ J such that ∂Λ = I ∪ J . We divide our proof into four cases depending on the location of the diamond.
Case 1 (interior weak-weak interaction): Λ lies in the interior of Ω ∆x and does not touch χ ∆x,θ so that only weak waves enter Λ. We only prove the case when Λ is in between ∂Ω ∆x and χ ∆x,θ since the proof is similar when Λ is above χ ∆x,θ . Denote Q(Λ) = ∆(α, β), where ∆(α, β) is as defined in Proposition 3.1.
Then
, and
by choosing suitably large K.
Case 2 (near the boundary): Λ touches the approximate boundary ∂Ω ∆x , but not the strong vortex sheet χ ∆x,θ . Then Ω J = Ω I \{C k } for certain k and σ
Let δ 4 be the weak 4-wave going out of Λ through J , and let α 4 , β 1 , β 2 , and β 3 be the weak waves entering Λ through I , as shown in Fig. 10 . Then
where the last step is from Proposition 3.2. Therefore, we have 
L(J) ≤ L(I).

Notice that F s (I) ≤ implies L(I) ≤ . Hence, the higher order term Q(I) can always be bounded by the linear term L(I), and we can easily conclude F (J) ≤ F (I).
Case 3: Λ covers a part of ∂Ω ∆x , and S * (σ (k−1) ) emanates from C k−1 and enters Λ. 
(1) Figure 11 . Case 3.1: near the strong vortex sheet (I)
The above inequalities are from Propositions 3.3-3.4. Hence,
j . Let δ 4 and δ 1 be the weak waves going out of Λ through J , and let β 1 , β 2 , and β 3 be the weak waves entering Λ through I , as shown in Fig. 12 . Then
The above inequalities are from 
Moreover, we obtain Theorem 4.2. There exists ε > 0 such that, if T V (g (·)) < ε, then, for any θ ∈ ∞ k=0 (−1, 1) and every ∆x > 0, the modified Glimm scheme defines a family of global approximate solutions U ∆x,θ and the corresponding approximate strong vortex sheet fronts χ ∆x,θ in Ω ∆x,θ which satisfy
for any k ≥ 0 and
for any x ≥ 0 and h > 0.
4.3.
Estimates on the Approximate Vortex Sheets. We use the notations and estimates in the previous section and define 
Global Entropy Solutions
In this section we establish the convergence of the approximate solutions to a global entropy solution and prove the nonlinear stability and asymptotic behavior of the strong vortex sheet under the BV perturbation. 
Convergence of the Approximate Solutions. Let the line
To establish the main theorem, we need to estimate the slope of the approximate strong vortex sheet fronts. Let
Then, by the choice of ∆x and {y k } and by Lemma 4.3, we find that d k ∈ (0, 1) which depends only on {θ l } k−1 l=1 . Thus we define (ii) There is a null set N 1 and a subsequence
can be obtained by a direct calculation. We will focus only on part (ii). As in [9] , let dθ = Π ∞ k=0 (dθ k /2). Then, for any l > j, we have
Therefore, we can deduce
Then, by choosing a subsequence 
, ∞) for every x > 0, and U θ is a global entropy solution of problem (1.6) and (1.9)-(1.10) in Ω and satisfies (1.11) and the initial-boundary data (1.9)-(1.10) in the trace sense;
(ii) χ ∆ l ,θ converges to χ θ uniformly in any bounded x-interval such that (1.12) holds; ∞) ) a.e. with |s θ | ≤ε ≤ and
In addition, if θ is equidistributed, then χ θ (x) > g(x) for any x > 0 and the Rankine-Hugoniot conditions hold a.e. along the curve {y = χ θ (x)}.
The proof of (i) and (ii) and the convergence proof of s ∆ l ,θ in (iii) can be carried out in the same way as in the standard cases (see [4, 9, 10, 25] ) by using the structure of the approximate solutions. In particular, for any ϕ ∈ C ∞ 0 (R 2 ; R),
weak-star converges, hence the initial condition is satisfied by the trace theorem for BV functions (cf. [23] ). Similarly, the boundary condition can be shown to be satisfied. The equality in (iii) can be deduced from Lemma 5.3 and the result on the convergence of {χ ∆ l ,θ } and {s ∆ l ,θ }.
Asymptotic Behavior of the Strong Vortex Sheet in the Flow
be equidistributed, and let U θ be the solution and χ θ its vortex sheet, respectively. By Theorem 5.1, we conclude that the solution U θ contains at most countable vortex sheets, shocks, and points of wave interactions; Moreover, we can modify the solution U θ such that U θ is continuous except on the vortex sheets, shocks, and points of wave interactions (see [8, 10, 15] ). Then we have Lemma 5.4. The total variation of (p θ , v θ /u θ ) is sufficiently small, respectively, above the Lipschitz wall and
Proof. Let {∆ l } be the sequence given as in Theorem 5.1, and let E ∆ l ,θ (Λ) and Q ∆ l ,θ (Λ) be the quantities defined in Lemma 4.3. As in [10] , we denote by dE ∆ l ,θ the measures assigning to E ∆ l ,θ (Λ) to the center of Λ.
The boundedness of E ∆ l ,θ (Λ) in Lemma 4.2 implies the compactness of {dE ∆ l ,θ }. Then we can select its subsequence (still denoted by itself) so that, when ∆ l → 0, the limit dE ∆ l ,θ → dE θ exists in the weak-star topology in the measure space and is finite on Ω. Therefore, for any δ > 0, we can choose x δ > 0 independent of {U ∆ l ,θ } and {∆ l } such that, for any l > 0, δ . Then, since the velocity ratio v/u and the pressure p are invariant across the vortex sheet, by the approximate conservation laws for the weak 1−waves and 4−waves, we can deduce in the same way as in [10] that
where M is independent of δ, x, U ∆ l ,θ , and ∆ l . Thus, taking limit as ∆ l → 0 and using Theorem 5.1 and the regularity of U θ yields that, for x > 2(t
The corresponding estimates above the strong vortex sheet can be obtained similarly. This completes the proof.
, and χ l,θ = χ ∆ l ,θ , where ∆ l is chosen as in the proof of Lemma 5.4. Following the construction of approximate solutions, we conclude that, for every x > 0,
Therefore, taking the limit as ∆ l → 0, by Theorem 5.1 and Lemma 5.4, and by the regularity of U θ , we can deduce part (i) for g(x) < y < χ θ (x). The case y > χ θ (x) can be proved similarly. Part (ii) can be obtained similarly by using Lemma 5.4.
Isentropic Euler Flows Over Lipschitz Walls
In this section, we study the isentropic Euler equations (1.6) for steady supersonic flows, which can be written in the following conservation form:
As in Section 1, the problem of supersonic Euler flows governed by (6.1) over Lipschitz walls can be formulated as problem (1.9) and (1.10) for system (6.1) in the region above the wall. (ii) U satisfies the entropy inequality:
in the sense of distributions in Ω including the boundary.
Remark 6.1. The entropy inequality (6.2) for the steady case directly follows from the energy inequality in the time-dependent isentropic case:
under the assumption that the solution (u, v, p, ρ) is independent of time t. Furthermore, by a straightforward calculation, the function η = ρu(E + p(ρ)/ρ) as an entropy function of system (6.1) is a strictly convex function of the conserved variables W = (w 1 , w 2 , w 3 ) = (ρu, ρu 2 + p, ρuv) when u > c.
6.1. Riemann Problems and Riemann Solutions. When u > c, the eigenvalues of system (6.1) are
where c 2 = p (ρ). When the flow is supersonic (i.e. u 2 + v 2 > c 2 ), system (6.1) is hyperbolic and, when u > c, the corresponding eigenvectors are
where κ j are chosen so that r j ·∇λ j = 1 since the j-characteristic fields are genuinely nonlinear, j = 1, 3. Note that the second characteristic field is always linearly degenerate: r 2 · ∇λ 2 = 0.
6.1.1. Wave Curves in the Phase Space. Similarly as in Section 2, the vortex sheet curve C 2 (U 0 ) through U 0 with strength σ 2 is
which describes a compressible vortex sheet. Moreover, the j th -rarefaction wave curve R j (U 0 ) in the phase space through U 0 is (6.5)
It is easy to check that
Similarly, the Rankine-Hugoniot conditions for (6.1) are
[ρ] . Plugging s 2 into (6.6)-(6.8), we get the same C 2 (U 0 ), as defined in (6.4); while plugging s j , j = 1, 3, into (6.6)-(6.8), we get the j th -shock wave curve S j (U 0 ) through U 0 :
Notice that S j (U 0 ) contacts with R j (U 0 ) at U 0 up to second-order and and (u k+1 , v k+1 ) · n k+1 = 0. Fig. 7 ). We need to estimate U ∆x,θ on a class of space-like curves, i.e. jmesh curves J as introduced in Definition 4.1. To achieve this, we now define the Glimm-type functional. Definition 6.2. We define 
Furthermore,
δ 3 = β 1 + K b3 α 3 + K b2 α 2 + K b0 ω k ,F s (J) = C * |σ J 2 − σ 20 | + F (J) with F (J) = L(J) + KQ(J), L(J) = L 1 (J) + L 2 (J), L 1 (J) = K * 1 L 0 (J) + K * 11 L 1 1 (J) + K * 12 L 1 2 (J) + L 1 3 (J), L 2 (J) = K * 21 L 2 1 (J) + K * 22 L
